Introduction
In the context of Riemannian geometry, the tangent bundle T M of a Riemannian manifold (M, g) was classically equipped with the Sasaki metric g S , which was introduced in 1958 by Sasaki [14] . The study of the relationship between the geometry of a manifold (M, g) and that of its tangent bundle T M equipped with the Sasaki metric g S has shown some kinds of rigidity (see [7, 9] ). Other (classes of) metrics defined by the various kinds of classical lifts of the metric g from M to T M were defined in [19] , and then geometers obtained interesting results related to these metrics involving the different aspects and concepts of differential geometry.
If (M, J, g
) is an almost Hermitian manifold, its tangent bundle T M is also an almost Hermitian manifold with almost Hermitian structure ( H J, g S ), where H J is the horizontal lift of J [19] . In [20] (see also [21, 22] ), Zayatuev studied the almost Hermitian structure on T M given by ( H J, g) , where the metric g is defined by
for all vector fields X and Y on M , and f > 0, f ∈ C ∞ (M ). For f = 1 , it follows that g = g S , i.e. the metric g is a generalization of g S .
For a given Riemannian metric g on a differentiable manifold M , the complete lift C g and vertical lift V g of g are defined respectively as follows:
for all vector fields X and Y on M . Moreover, note that C g is a pseudo-Riemannian metric on T M and V g is a degenerate metric on T M . As a generalization of the complete lift metric, in the present paper, we consider a family of metrics on T M . Let (M, g) be a Riemannian manifold and f be a nonzero differentiable function on (M, g). On T M we define a deformation of the complete lift metric by
. We call the metric G f a deformed complete lift metric. This paper can be considered as a contribution to the topic, considering for study a special new family of metrics on the tangent bundle constructed from the base metric and generated by a nonzero differentiable function on M . It is worth mentioning that a metric from this new family is g -natural only if the generating function is constant. Thus, the considered family is far from being a subfamily of the class of the so-called g-natural metrics (for g -natural metrics, see [1, 4, 8, 10, 12, 13] ). The
and was first considered in [16] and then studied in [2, 5, 11] . The metric G f is a particular case of the synectic lift metric G . However, the study of the metric G f is remarkable in some sense. In fact, the metric G f has permitted us to establish an almost complex Norden structure on the tangent bundle (see 
Preliminaries
Let M be an n-dimensional Riemannian manifold with a Riemannian metric g and denote by π : T M → M its tangent bundle with fiber the tangent spaces to M . T M is then a 2n -dimensional smooth manifold and some local charts induced naturally from local charts on M may be used. Namely, a system of local coordinates 
with respect to the induced coordinates, where
jk are the coefficients of the Levi-Civita connection ∇ of g .
The bracket operation of vertical and horizontal vector fields is given by the following formulas:
, where R is the Riemannian curvature of g defined by
with respect to the induced coordinates (
we easily see that γA has components, with respect to the induced coordinates (
With the connection ∇ of g on M , we can introduce on each induced coordinate neighborhood π −1 (U )
of T M a frame field that is very useful in our computation. The adapted frame on π −1 (U ) consists of the following 2n linearly independent vector fields:
We write the adapted frame as
. A direct calculation proves the following lemma.
Lemma 2.1 ([19], p. 101) The Lie brackets of the adapted frame of T M satisfy the following identities:
where R a ijb denotes the components of the curvature tensor of M .
Using Eqs. (2.1), (2.2), (2.3), and (2.4), we have
with respect to the adapted frame {E β } .
The Levi-Civita connection of the deformed complete lift metric G f
In this section, we give the Levi-Civita connection ∇ of the tangent bundle T M with the deformed complete lift metric G f and study fiber-preserving Killing vector fields on T M . The deformed complete lift metric G f is defined by
We now give expressions of the deformed complete lift metric G f and its inverse G
−1 f
with respect to the adapted frame {E β } : 
, one can verify the Koszul formula for pairs X = E i , E i and Y = E j , E j and Z = E k , E k . In calculations, the formulas in Eqs. (2.5) and (3.1) and the first Bianchi identity for R should be applied. We omit standard calculations.
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If we denote the horizontal and vertical projections by H and V , respectively, we can then say the following:
Hence, in view of Theorem 3.1, we can say the following result. i
) The vertical distribution V T M is totally geodesic in T T M.
ii
) The horizontal distribution HT M is totally geodesic in T T M if and only if (M, g) is locally flat and
Proof i) From the last relation in Theorem 3.1, we get H ∇ E i E j = 0 . Thus, V T M is totally geodesic.
ii) From the first relation in Theorem 3.1, we have
Let V ∇ Ei E j = 0 , i.e. the horizontal distribution HT M be totally geodesic, and then by Eq. (3.2) we get
Operating ∂ k to Eq. The Levi-Civita connection C ∇ of the complete lift metric C g is given by
with respect to the adapted frame {E β } . On comparing the Levi-Civita connections of the complete lift metric C g and the deformed complete lift metric G f , we have the result below. 
Theorem 3.3 Let (M, g) be a Riemannian manifold and T M be its tangent bundle. The Levi-Civita connections of the complete lift metric

Lemma 3.4 The Lie derivative of the deformed complete lift metric G f with respect to the fiber-preserving
where
Proof A vector field X is a Killing vector field on T M with respect to G f if and only if L X G f = 0. By virtue of Lemma 3.4, we say that 
From Eq. (3.5), since (E j V m ) depends only on the variables (x h ), we can put 
Substituting Eq. (3.6) into Eqs. (3.4) and (3.5), we obtain
From Eq. (3.9), we have
Substituting the above equation into Eq. (3.8), we get
Conversely, if B
h , V h , and A h i are given so that they satisfy (i)-(iii), we easily see that
is a fiber-preserving Killing vector field on (T M, G f ). 2
Some curvature properties of the deformed complete lift metric G f
We now turn our attention to the Riemannian curvature tensor R of the tangent bundle T M equipped with the deformed complete lift metric G f . The Riemannian curvature tensor of the tangent bundle with the deformed 
Next we compare the geometries of the manifold (M, g) and its tangent bundle (T M, G f ) .
Theorem 4.2 Let (M, g) be a Riemannian manifold and T M be its tangent bundle equipped with the deformed complete lift metric G f . Then T M is locally flat if and only if M is locally flat and the function f satisfies the condition
where ∇ is the Levi-Civita connection of g . 
Proof
Next, we calculate the Ricci tensor and the scalar curvature of (
denote the Ricci tensor of the deformed complete lift metric G f . It follows that, from the equations in (4.1), the components of the Ricci tensor R IJ are characterized by 
with all of the others being 0. Therefore, we get the following. 
Hence, we have the following. J, g ) that consists of a smooth manifold M 2n endowed with an almost complex structure J and a Norden metric g such that ∇J = 0 , where ∇ is the Levi-Civita connection of g . It is well known that the condition ∇J = 0 is equivalent to Cholomorphicity (analyticity) of the Norden metric g [6] , i.e. Φ J g = 0 , where Φ J is the Tachibana operator for allX,Ỹ ,Z ∈ ℑ 1 0 (T M ). We then obtain the following equations:
